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Abstract. This report consists of additions and corrections to the au- 
thor's paper [1] , which appeared in the proceedings of the ANTS V con- 
ference. The work described here was presented at the conference itself, 
which took place after the original paper was published. The abstract 
of the original paper was as follows: We explore some questions related 
to one of Brizolis: does every prime p have a pair {g, h) such that h is & 
fixed point for the discrete logarithm with base <?? We extend this ques- 
tion to ask about not only fixed points but also two-cycles. Campbell 
and Pomerance have not only answered the fixed point question for suf- 
ficiently large p but have also rigorously estimated the number of such 
pairs given certain conditions on g and h. We attempt to give heuristics 
for similar estimates given other conditions on g and h and also in the 
case of two-cycles. These heuristics are well-supported by the data we 
have collected, and seem suitable for conversion into rigorous estimates 
in the future. 



The formulas leading up to Conjecture 7 have several typos. The corrected 
formulas should read: 



'n\p—l m\p—\ \d\{p—l)/m 




<p{m) 

(This is also the formula which should appear in Conjecture 7(a).) 
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In addition, there are two errors in (4); the equation should read: 
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Conjecture 1(c) is incorrect. In (1) if h PR then g PR also, so A^(i),gANY,/(PR(p) 
is in fact equal to iV(i)^gpR^?iRppR(p). 

The same observation for (2) gives iV(2),gPR,?iRPPR(p) = -/V(2),gANY,/tRPPR(p) 
in Conjecture 5 and A^(2),g pR,h pr(p) = A^(2).3ANY,/iPr(p) in Conjecture 6(b). 

In Conjectures 2 and 6(a) it should be noted that the observed values in ques- 
tion must be exactly equal, by the symmetry of (3). Likewise in Conjectures 4 
and 6(b). 

A complete and corrected list of Theorems and Conjectures follows. The 
numbering from the original paper has been preserved as much as possible. 

Proposition 1. iV(i) anyji rp(p) = <P{p - 1)- 
Theorem 1 (Zhang, independently by others). 

-^(l),gPR,/iRPPR(p) = ^(1),3PR,?IRP(P) 
= -^(l),gPR,/iPR(p) 
= -^(l),gANY,?iRPPR(p) 
= N(U n AMY h Pr(p) 



(l),gANY,?iPR 

</.(p-i)V(p-i) 



Conjecture 1. 



(a) -/V(l),3ANY,ftANY(p) «p- 1 

(b) A^(1),3PR,/iANy(p) ~ (t>{P - 1) 

(c) (See above.) 

(d) -^(1),SRP,/».(P) ~ ?!'(P- 1)/(P- l)A/'(l),gANY,ft.(p) 



Conjecture 2. 



Conjecture 3. 



Conjecture 



(2),gANY,/iRp(p) — -^(S),/! RP,a ANy(p) 
«2</.(p-l). 



-^(2),/iRP,gORD/i(p) = -^(3),/j RP,a Rp(p) 

«<^(p-l) + <^(p-l)V(p-l). 



N{2),gPR,hRp(p) = -^(3),?jRP,oPr(p) 

«2<A(p-l)V(p-l). 



Conjecture 5. 



^(2),gPR,hRPPR{p) = ■^(2),g ANY,/i RPPr(p) 
= ^{3),hRPPR,atip) 
= ■^(3),/(.,aRPPR(p) 

= ■^(3),/iRPPR,aRPPR(p) 

« <^(p - 1) V(P - 1) + - - 1)'- 



Conjecture 6. 
(a) 



(b) 



-^(2),/iANY,gORD?i(p) = -^(3),?j ANY.a Rp(p) 

«2.^(p-l). 



-^(2),gPR,hPR(p) = -^(2),sANY,/iPr(p) 
= -^(3),hPR,oRp(p) 



2.^(p-l)V(p-l). 



Conjecture 7. 
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(a) %)JiANY,aANYb) ~ (p - 1) + Em|p-1 ^ 

(b) If p- 1 is squarefree then iV(3),?iANY,a any(p) ~ (p- 1) + ng|p-i (« 
where the product is taken over primes q dividing p — 1. 

(c) In general, A''(3),/i ANY,a any(p) ~ (p - 1) plus the formula given in 

(d) N(2.),hPR,amY{p) « 20(j5 - 1). 

(e) -/V(3),/iANY,oPr(p) » 2^(p - 1). 



(f) ^(3),/.PR,aPR(p) « <Pip - 1) + <Pip - 1)V(P - !)• 

Conjecture 8. 

(a) iV(2),gPR,/jANY(p) « 20(p - 1). 

(b) A^(2),sANY,feANY(p) ~ 2(p - 1). 

Conjecture 9. 

(a) ^(2),gRP,/i.(p) ~ l)^(2),gANY,ft.(p)- 

(b) iV(2),gRPPRJi.(p) « Q^-d?- l)^^(2),gPRJi.(p)- 

These conjectures are summarized in Tables A-1, A-2, and A-3, which also 
contain new data presented at ANTS V. This data was collected on a Beowulf 
cluster, with 19 iiodcs. each consisting of 2 Pcntimri III processors running at 
1 Ghz. The programming was done in C, using MPI, OpenMP, and OpenSSL 
libraries. The collection took 68 hours for all values of -/V(,),,,,(p), for five primes 
p starting at 100000. Table A-4 summarizes the relationships between solutions 
to (2) and solutions to (3). 

Table A-1. Solutions to (1) 



(a) Predicted formulas for N(i-^(p) 



9\h 


ANY 


PR 


RP 


RPPR 


ANY 




^, 0(p-i)^ 
~ (p-l) 


=0(p-i) 


^, 0(p-i)^ 
~ (p-l) 


PR 




^. 0(p-i)^ 
~ (p-l) 


^, <#>(p-i)^ 
~ (p-l) 


^. 0(p-i)^ 
~ (p-l) 


RP 


«<^>(p-i) 


^ ^(p-i)-" 
~ (p-i)^ 


^ ^(p-i)^ 
~ (p-l) 


^ ^(p-i)-" 
~ (p-i)^ 


RPPR 


~ </'(p-i)^ 


~ </>(p-i)-' 


~ </>(?-!)■' 


~ </>(?-!)■' 


~ (p-l) 


~ (p-i)^ 


~ (p-1)^ 


~ (p-1)^ 


(b) Predicted values for .V(i, (iOOOf)?) 


y\h 


ANY 


PR 


RP 


RPPR 


ANY 


100056 


9139.46 


30240 


9139.46 


PR 


30240 


9139.46 


9139.46 


9139.46 


RP 


30240 


2762.23 


9139.46 


2762.23 


RPPR 


9139.46 


2762.23 


2762.23 


2762.23 


(c) Observed values for Ar(i) (100057) 


g\h 


ANY 


PR 


RP 


RPPR 


ANY 


98506 


9192 


30240 


9192 


PR 


29630 


9192 


9192 


9192 


RP 


29774 


2784 


9037 


2784 


RPPR 


9085 


2784 


2784 


2784 



Finally, the analysis in the last paragraph of Section 2 is incomplete. If 
gcd{h, a,p — 1) = 1, then the correspondence between solutions of (2) and solu- 
tions of (3) is one-to-one. (E.g., if /i RP or a RP.) If gcd(/i, a,p— 1) > 1, however, 



Table A-2. Solutions to (3) 



(a) Predicted formulas for the nontrivial part of A'^(3) (p) 



a\h 


ANY 


PR 


RP 


RPPR 


ANY 


^ |T„| 




~<^>(p-i) 


^ 0(p-i)^ 
~ (P-D- 


PR 




~ </>(p-i)^ 
~ (p-1) 


~ '*(p-i)^ 
~ (p-1) 


^ ^(p-i)-' 
~ (p-i)^ 


RP 


~<#'(P-1) 


</>(p-i)^ 
(p-1) 


_ .^.(p-i)^ 
(p-1) 


^, 0(P-1)^ 
(p-1)^ 


RPPR 


~ •/'(p-l)" 


~ </>(p-i)-' 
~ (p-i)^ 


~ .^'(p-i)'' 
~ (p-i)^ 


~ ^(P-I)-" 
~ (p-1)^ 


(b) Predicted values for the nontrivial part of A'^(3) (100057) 


a\h 


ANY 


PR 


RP 


RPPR 


ANY 


190822.0 


30240 


30240 


2762.225 


PR 


30240 


9139.458 


9139.458 


2762.225 


RP 


30240 


9139.458 


9139.458 


2762.225 


RPPR 


2762.225 


2762.225 


2762.225 


2762.225 


(c) Observed values for the nontrivial part of Af(3) (100057) 


a\h 


ANY 


PR 


RP 


RPPR 


ANY 


190526 


30226 


30291 


2820 


PR 


30226 


9250 


9231 


2820 


RP 


30291 


9231 


9086 


2820 


RPPR 


2820 


2820 


2820 


2820 



more than one solution to (2) may give the same solution to (3). This will be 
explored in more detail in a forthcoming paper. 
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Table A-3. Solutions to (2) 



(a) Predicted formulas for the nontrivial part of A'"(2) (p) 



g\h 


ANY 


PR 


RP 


RPPR 


ANY 






~ (p-i) 




PR 




~ (p-i) 


^ <?>(p-i)'' 
~ (p-i) 


~ (p-i)^ 


RP 


«0{p-i) 


^ 0{p-i)^ 
~ (p-i) 


^ 0{p-i)'' 
~ (p-i)^ 


^ ^Cp-i)" 

~ (p-l)--' 


RPPR 


~ (p-i) 


^ 0{p-l)'' 
~ (P-I)^ 


^ Hp-iy 
~ (p-i)^ 


^ ^(p-l)" 
(p-1)^ 



(b) Predicted values for the nontrivial part of A^(2) (100057) 



.9 \ /' 


ANY 


PR 


RP 


RPPR 


ANY 


i()()()r)() 


!)i:!!).r) 


:!()2 10 


2762.2 


PR 


30240 


9139.5 


9139.5 


2762.2 


RP 


30240 


2762.2 


9139.5 


834.8 


RPPR 


9139.5 


2762.2 


2762.2 


834.8 



(c) Observed values for the nontrivial part of A''(2) (100057) 



9\h 


ANY 


PR 


RP 


RPPR 


ANY 


100860 


9231 


30291 


2820 


PR 


:i()«5() 


i)2:u 


i)2:u 


2820 


RP 


30368 


2882 


9240 


916 


RPPR 


9376 


2882 


2882 


916 



Table A-4. Relationship between solutions to (2) and solutions to (3) 



a\h 


ANY 


PR 


RP 


RPPR 


ANY 






gANY 
ftRP 


gPR 
/iRPPR 


PR 






gPR 
hRP 


gPR 
/iRPPR 


RP 


hANY 
gORDh 


gPR 
hPR 


hRP 
gORDh 


5 PR 
/iRPPR 


RPPR 


gPR 
/iRPPR 


gPR 
/iRPPR 


gPR 
/iRPPR 


5 PR 
/iRPPR 



